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Graded Epistemic Logic

Kevin Dorst March 16, 2015

I. Standard Epistemic Logic Hintikka 1962

Hintikka’s Idea: Characterize mental states in terms of the possibilities
they rule out.

A. Setup:

Frames, instead of full models. F = 〈W, R〉

Propositions as sets of worlds. p ∧ q = p ∩ q, etc.

p is true at w if w ∈ p. p entails q if p ⊆ q.

B. The Intended Interpretation:

�p = Kp: “One is in a position to know p”

♦p = Mp: “For all one knows, p” “It might be that p.”

W is the set of worlds that are “epistemically possible.”

R is the “consistent with my evidence” relation.

w ∈ Kp iff every world consistent with my evidence in w is a
p-world.

w ∈ Mp iff some world consistent with my evidence in w is a
p-world.

We can equate your evidence at a world w with Rw: the set of
worlds accessible from w. This is the “strongest thing” you know.

C. Varying Strengths:

Base system K: Deductive closure of knowledge. (Kp ∧ K(p ⊃ q)) ⊃ Kq)

Minimal system T: Factivity of knowledge. Kp ⊃ p

Strong system S4: The “KK Principle.” Kp ⊃ KKp

Crazy system S5: “Full introspection” Kp ⊃ KKp and
¬Kp ⊃ K¬Kp

II. Graded Epistemic Logic

Our epistemic life is much richer than the standard system can repre-
sent. Often we don’t know p, but we have very good evidence for it. We
can say things like, “It’s likely, given our evidence, that the Butler did
it." You might say the evidential probabil-

ity of p is high.
Likewise, we can have higher-order evidence – evidence about our
evidence – that doesn’t involve iterations of knowledge. Hypoxia case

A. Adding probabilities:
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Add a prior probability distribution Prob over the subsets of W. F = 〈W, R, Prob〉

Simplifying Assumptions: Prob is uniform; W is finite. We get
probabilities at a world (i.e. given a particular body of evidence)
by conditionalizing Prob on Rw.

Prw(p) = Prob(p|Rw) =
Prob(p ∩ Rw)

Prob(Rw)
=
|p ∩ Rw|
|Rw|

Consequences: At each world there is a probability function over
the set of propositions, and w ∈ Kp iff Prw(p) = 1.

Higher-order evidence: we can locate facts about evidential proba-
bilities in the frame.

Likewise for e.g. [Pr(p) > c][Pr(p) = c] = {w ∈W : Prw(p) = c}

So �T Kp ≡ [Pr(p) = 1]

B. Choice Points & Expansions

Do we want a single prior over worlds? Or do we want to capture
uncertainty about evidential support relations?

E=K?

What if we added...

Beliefs (New modal operator B, or simply high credence?)

Multiple agents.

Pr = Cr? Maybe Cr(p) = Prob(p|Bw).

III. Results: Puzzles and Solutions

1) Improbable Knowing:

There are T-frames that satisfy the following formula:

Kp ∧ K[Pr(Kp) ≈ 0]

Solution: S4

Kp⇒ KKp⇒ [Pr(Kp) = 1], so �S4 ¬(Kp ∧ [Pr(Kp) < 1])

2) Extreme Akrasia: E.g. believing: p but I shouldn’t believe p.

There are S4-frames that satisfy the following

Pr(p ∧ [Pr(p) ≈ 0]) ≈ 1
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General characterization: Prw(p) 6= ExPrw(p), where

ExPrw(p) = ∑
x∈Rw

[Prw({x}) · Prx(p)]

So our above formula gives us maximal akrasia: |Prw(p)− ExPrw(p)| ≈ 1

3) Failures of Truth-Indicativeness:

The following is a very natural generalization of the T axiom
within the context of a graded logic:

Set m = 1: K(Kp ⊃ p)
Set m = 0 + ε: M(Mp ⊃ p)
Set m = 1

2 : “It’s likely that probable
propositions are true.”

Pr([Pr(p) ≥ m] ⊃ p) ≥ m

Truth-Indicativeness fails spectacularly in GS4 (at all thresholds)

Solutions?
A. Any non-S5 frame has some akrasia:

∀w, p : ExPrw(p) = Prw(p) ⇔ S5

But maybe a middle way? S4 makes it so if w accesses w′, then w′

accesses only worlds accessible from w. S5 makes it so if w accesses
w′, then w′ accesses all and only worlds accessible from w.

B. Maybe we can add partial symmetry to S4?

At least half the worlds in Rw access w. Partial symmetry is equivalent to a
probabilistic version of the B axiom:
p ⊃ [Pr(Mp) ≥ 1

2 ].Caps akrasia (at 1
4 ?), gets Truth-Indicativeness up to the m = 1

2
threshold. But it becomes a theorem that ¬Kp ⊃ [Pr(¬Kp) ≥ 1

2 ]

C. Maybe we can try axiomatically?

Graded Introspection: [Pr(p) ≥ m] ⊃ [Pr([Pr(p) ≥ m]) ≥ m]

At m = 1, Graded Introspection is
equivalent to the KK principle.
At m = 0 + ε, it is entailed by the T
axiom.Model theory: Rasin-pudding frames.Caps Akrasia at 1

4 , and has
Truth-Indicativeness in full generality as a theorem.

Problem: �GS4i (Mp ∧M¬p) ⊃ (¬Kq ⊃ K¬Kq)


	I. Standard Epistemic LogicHintikka 1962
	II. Graded Epistemic Logic
	III. Results: Puzzles and Solutions

